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Objectif: Design a mathematical model to study the role of
apoptosis (i.e. programmed cell death) on collective cell dynamics,
from microscopic and macroscopic points of view.

Figure: A. Villars, G. Letort, L. Valon, et al., Development (2023)

Context: ANR MAPEFLU project in collaboration with biophysicists (IGBMC,
Strasbourg) and biologists (Institut Pasteur, Paris).
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Consider N cells that evolve in a bounded domain Q C R?. Each
cell has a position X,(t) € R?, a velocity V() € R?, a polarity
P.(t) € S, a radius Ri(t) € [0, Rmax] and an apoptotic state

apoptotic states: o = (ax)x € {0, 1}V
birth and apoptotic times: (Tp)«, (Ta)k € R

o € {0, 1}.
> positions: X = (X )x € R2N
» velocities: V = (V) € R2N V,
» polarities: P = (Py), € (SHN
» radius of the cells: R = (Ri)x € [0, Rmax]" -
>
>
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The proposed model includes the following ingredients:

» contact forces !

» soft attraction-repulsion forces 2
» polarity alignment interactions (Vicsek-type) 3
> apoptotic events

Adapted from a model validated against experimental data *.

!B. Maury and J. Venel, ESAIM Math. Model. Numer. Anal. (2011)
2C. Beatrici, C. Kirch, S. Henkes, et al., Soft Matter (2023)

3T. Vicsek, A. Czirdk, E. Ben-Jacob, et al., Phys. Rev. Lett. (1995)
*S. L. Vecchio, O. Pertz, M. Szopos, et al., Nature Physics (2024)
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) _ Vi(t)
d
‘v = Proje, (cP + vF(X))
dP, = PI’OijL o (/L(ﬁk — Pk)dt + 5(Vk/ HVkH — Pk)dt
+ (L — Py)dt + \/ﬁ(dst)o
(min(Ro, 1,y oefB(E = (Tp)R))) . i a(t) =0
Ri(t) = , A
(Ro+ UmeoctBUTN— 1)) ifoult) =1
ak(t) = ]]'[(Ta)ka+00[(t)

Proliferation and apoptosis: (T,)x ~ E(X;) and (Tp)k ~ E(Xp):
proliferation and apoptosis at rates A, and A,.
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ka(t) _ Vk(t)

dt
ProjCX(CP + vF(X))

Contact force: projection onto the set of admissible velocities:

Cx ={VeR®™|Vi<j, D;j(X)=0 = VD,;;(X)-V
Vi, Db(X,) =0 = VDb(X,) -V;
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ka(t) _ Vk(t)

dt
\Y/ Projcx(cP + vF(X))

Attraction-repulsion force

FX) = > I Wi(lIXk = X))

JIIXe=X <R

We consider the following interaction potential, inspired by ¢ and adapted
to account for apoptotic events:

Wj(r) = = ((1 = og) &+ jriapop) (r2/2 = r*/(3Dc))

“C. Beatrici, C. Kirch, S. Henkes, et al., Soft Matter (2023)
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ka(t) _ Vk(t)

dt
= Proic, (cP +7F(X))
dPc = Projpy o (ju(Px— Pi)dt + 6 (Vi/ Vil - Pe)et

+ @(dBt)k>

Vicsek-type interactions: competition between

z P;
i x — po j
[ || <R

» alignment to the local averaged polarity: P, =
po Pj

int

-
» Gaussian white noise: dB;
Relaxation to the velocity direction V,/ ||V,

Projection on Pj— so that the polarity remains of norm 1
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X (t
= Proic, (cP +7F(X))
dPc = Projpy o (ju(Px— Pi)dt + 6 (Vi/ Vil - Pe)et

+ V(Lk — Pk) dt + @(dBt)k>

Apoptotic events: polarity

» closure towards the apoptotic cells
(Xj — Xi)
L, = Qj—————
2 X5 = Xl

JlIXi =X [ <R
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dXy(t
;t( b - v
= Proch(CP + vF(X))
dP = Projp; o (M(ﬁk —P)dt + 5 (Vi/ Vil — Pe)dt
+ (L — Py) dt + \/2D(dBt)k>
R (t) <min(R0, 1[(Tp)k,oo[ﬁ(t — (Tp)k))>+ if ak(t) =0
k = :
<Ro + LT tool B(Ta)k — f)) | if ay(t) =1
apoptotic events: radii dynamics
Rﬁ(.um) Rk(,um)
Ry=75 Ry=175
5 Ri(t) 5 Ri(t)
0 t (h) 0 t (h)
01234567 01234567
) H
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Kt Vi(t)
dt = Projg, (cP +vF(X))
dPx = Projp. o (M(ﬁk — Po)dt+ 5 (Vi/ |Vi| — Pr)dt
+ v(Lx — Py) dt + \/ﬁ(dBt)O
R(t) = <min(Ro, (7)ol B(E = (-/-p)k)))+ if ax(t) =0
<R0 + L7 ool B Ta)k — t)) | if ay(t) =1
ak(t) = I7)i+ool(t)

Proliferation and apoptosis: (T,)x ~ E(X,) and (Tp)k ~ E(Np):
proliferation and apoptosis at rates A, and A,.
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Simulation without apoptosis Simulation with apoptosis and
and cell division events: cell division events:
Time = 20.000h velocit ] T|e = 20.000h velocity
== polarit! == polarity
x10* 5 ) ><104 5
§ % sl N
32 3% L~ 3o
E [ VORI he=
2Q 20
i 3
0 0
P> jammed configuration » motion created by

apoptosis and
proliferation
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I1l. Macroscopic model
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o -V

Vi = cPr—yVx, F(Xk)

dP, = Projp o (M(ﬁk(t) — P)dt + 8(Vi/ |[Vill — Py)dt

+v(Lk — Py)dt + /2D dB})

R J1(R =5 (1 549) Re(), on [(To)k: (Ta)«)
L@ | DRe(1) = —¢ (1= BD) Rele), on [(Ta)es (Tl
(Ta)k ~ E(Na) and (Tp)k ~ E(Xp): proliferation and apoptosis at rates
Ap and A,

Contact forces are replaced by repulsion forces, and radii dynamics are
described by a differential equation.
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> Statistical description of the dynamics in the limit N — oo

> f(x,p,R,t): distribution function of cells in the phase space
xeR? peSt ReR*

> f(x,p,R,t)0xdpdR ~ number of cells in
[x,x + 0x] x [p,p + 0p] % [R, R + dR].
> f(X,p,R,t): fb(X,p, Rat) +ﬁ_(X,p,R,t)

non apoptotic cells apoptotic cells

We develop a similar methodology to the one proposed in:

» P. Degond, G. Dimarco, T. B. N. Mac, et al., Communications in
Mathematical Sciences (2015)

» P. Degond and S. Motsch, Mathematical Models and Methods in Applied
Sciences (2008)
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> f(x,p,R,t) = fo(x,p,R,t) +fi(x,p,R,1)

Vv Vv
no apoptotic cells  apoptotic cells

P transport equation whose characteristic equations are given by
the microscopic model

Bifo+ V- (vih) + Or(I(R)o) +Vp - (Prols (3(ve/ |lve])) + L + 1Pr ) )
N— —

advected position  advected radius

= DApfy + App(t, x)M(p) — Aafo

advected polarity

vi(x,p) = cp—yVxFr(x, 1)

Frxt) = fogome W (B2 R) F(y,p, R, t) dpdydR
L) = fomane K (Bh) =210, R, 1) dpdydR
Prlxt) = 77EH

Te(x,t) = fslxRqu(%) f(y,p, R, t)p dpdydR,
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> f(x,p,R,t) = fo(x,p,R,t) +fi(x,p,R,1)

Vv Vv
no apoptotic cells  apoptotic cells

P transport equation whose characteristic equations are given by
the microscopic model

Bifo+ V- (vih) + Or(I(R)o) +Vp - (Prols (3(ve/ |lve])) + L + 1Pr ) )
N— —

advected position  advected radius

= DApfy + App(t, x)M(p) — Aafo

advected polarity

Bifi+ V- (vih) +0r(D(R)A)+ V- (Projs (8(ve/ lvel)) +vLs + uPr )
N—— N———— ‘

advected position  advected radius

= DApfi + Aa(fo — f1)

advected polarity
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» Rescaling in time: polarity interaction much faster than the
other interactions
— ekl

E

a[atfowvx.(wsg)mvp (Projy. —L—£5) + Vp - (Projy. Gre £5)

TVl
+ 123V, - (Projgs Vapi ) + Or(I(R)FS) = App® M(P) + Auf5 |
=Qp(f5)

vie(x,p,t) = p — Vx/ [W(R)/ fe(x,p, R, t) dp] dR
R+ st
Qp(fk) = —qu . (PrijL Pffk) + Apfk

J
Pr(x,t) = m Jr(x, t) = /S . flxp.R.O)pdpdR
X

Gf(x7 t) = ||J ” PrijfJ_A Jr.

R.SUBLET Mathematical modeling of apoptosis in cell collective dynamics



Macroscopic model
0000e00000

» Rescaling in time: polarity interaction much faster than the
other interactions

— ekl

E

e [atf; + V- (vre £5) + 6V, - (Proj,. ——£5) + Vp - (Projp. Gre £5)

Tvel
120V - (Profys Vapi ) + r(I(R)E) — Aap"M(p) + Auf
:Qp(ﬂ)e)

Qp(fo) = —qu . (Projpi Pffk) =+ DApﬁ(

T Hx = [ fxp RO dpaR
St xR+

Prixt) = T

— collision operator Q,(fy): non-linear Fokker-Planck operator

< identical in both equations (on fy and f;)
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Von Mises probability distribution:
P
Me(p) = Cexp( 2 ) [ Mooy dp =1
/1 st

Qp(fo) = —uVp - (Proj,. Pefi) + DApf

D fi ))
=—Vp- | Mp,V
L P ( P p(MP,

&= {f e H(SY|Q(f) =0} = {gMp(p)|g € R4,P € S}

Equilibria:

< & is of dimension 2.
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e [atf; + V- (vre £5) + 6V - (Proj,. ——£5) + Vp - (Proj, . Gre f5)

Tve
+ 26V, - (Projys Vi f5) + Or(I(R)) = App* M(p) + Nof5 |
=Qo(fF)

» in the limit € — 0, f§ — fo with

> Qp(fo) =0
> Hhet

Therefore:
fc)g(x’ p, R, t) - gO(x7 I, t)MP(x,t)(p)7 when € — 0

ff(x,p, R, t) — g1(x, R, t)Mp(x +)(p), when e — 0

Need to determine equations on gy, g1 and P.
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ka(X, p, R, t) - gk(x7 %, t)MP(x,t)(p)a when € — 0

» Equations on gy and g1
— Thanks to the conservation of mass: / Qp(fi)dp =0
st

0:80 + Vx - (goU) + Or(I(R)g0) = App — Aago
0t81 + Vx - (g1U) + 0r(D(R)g1) = Aa(go — &1)

where the velocity U = ¢;P — V, [, [W(R)g(x, R, t)} dR.
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ka(X, p, R, t) - gk(x7 %, t)MP(x,t)(p)a when € — 0

» Equations on gy and g1
— Thanks to the conservation of mass: / Qp(fi)dp =0
st

0:80 + Vx - (goU) + Or(I(R)g0) = App — Aago
0t81 + Vx - (g1U) + 0r(D(R)g1) = Aa(go — &1)

where the velocity U = ¢;P — V, [, [W(R)g(x, R, t)} dR.
» Equation on P

< no conservation of momentum: Q(f)pdp £ 0
Sl
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Definition: Generalized Collisional Invariants

For any P € S!, a generalized collision invariant of Qp is a function
1p such as:

/ Qp(f)¢p(p) dp = 0, Vf such as P = Py
Sl

» There exists a GCl ¢p(p) different from 1
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» Equation on P obtain thanks to the GCl vp.
p (8tP + (V : vx)P) + ProjPl T(pa pl) = nPrijle(PP)

< Density: p = [p. (g + &1) dR

<5 Velocity: V = &P — Vy [o. [W(R)g(x, R, t)} dR

— Viscosity: n = ko [d + c2]

T(p.p1) = dVap+ [ [d+ 2] pVi e [W(R)a(x, R )] o
—vZy(d+ Cz) pVxp1
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» Equation on P obtain thanks to the GCl vp.
p (8tP + (V : vx)P) + ProjPl T(p, pl) = nPrijle(PP)

— Density: p = fR+ (g0 + g1) dR
<5 Velocity: V = &P — Vy [o. [W(R)g(x, R, t)} dR
— Viscosity: n = ko [d + c2]

T(p,p1) = dVxp+ || o] [d + 2] pVx fR+ [ (R)g(x, R, t)} dR
—vZy(d + Cz) pVxp1

» p; is the density of apoptotic cells

» P is orienting towards high-density regions of apoptotic cells
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0:80 + Vx - (goU) + 9r(I(R)g0) = A\pp — Aago
0:g1 + Vx - (g1U) + 0r(D(R)g1) = Na(go — &1)

p(0:P + (V- V)P) + Projp. T(p, p1) = 11Projp. Ax(pP),

where

U= P -V, [z |W(R)g(x,R,t)|dR,
V= coP-V fR+ (R)g(x, R, t)| dR,
T(o.p) = dVupt o [d 4 ol pVx fo [W(R)a(x, R.1)| IR

—vZ[d + Cz] PVxp1,
n= ko [d T C2] .
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» Construction of a mathematical and computational model
describing cell collective dynamics

» Include the phenomena of apoptosis

» Observation of different behavior with or without apoptosis
and proliferation

» Macroscopic model derived from the microscopic one

» Comparison with experience

v

Different regimes for the macroscopic domain

» Simulation in the macroscopic case
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Conclusion
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» Construction of a mathematical and computational model
describing cell collective dynamics

» Include the phenomena of apoptosis

» Observation of different behavior with or without apoptosis
and proliferation

» Macroscopic model derived from the microscopic one

» Comparison with experience

v

Different regimes for the macroscopic domain
» Simulation in the macroscopic case

Thank you for your attention!
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