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Objectif: Design a mathematical model to study the role of
apoptosis (i.e. programmed cell death) on collective cell dynamics,
from microscopic and macroscopic points of view.

Figure: A. Villars et al., Development (2023)

Context: ANR MAPEFLU project in collaboration with biophysicists (IGBMC,
Strasbourg) and biologists (Institut Pasteur, Paris).
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Consider N cells that evolve in a bounded domain Q C R?. Each
cell has a position X,(t) € R?, a velocity V. (t) € R?, a polarity
P.(t) € S, a radius Ri(t) € [0, Rmax] and an apoptotic state
ax €4{0,1}.

apoptotic states: o = () € {0, 1}V
birth and apoptotic times: (Tp)«, (Ta)k € R

> positions: X = (X, ), € R?N

> velocities: V = (V) ¢ RN V,

» polarities: P = (Py), € (SHN

» radius of the cells: R = (Ri)x € [0, Rmax]" -
>

>
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The proposed model includes the following ingredients:

» contact forces !

> soft attraction-repulsion forces 2
» polarity alignment interactions (Vicsek-type) 3
» apoptotic events

Adapted from a model validated against experimental data *.

!B. Maury and J. Venel, ESAIM Math. Model. Numer. Anal. (2011)
2C. Beatrici et al., Soft Matter (2023)

3T. Vicsek et al., Phys. Rev. Lett. (1995)

*S. L. Vecchio et al., Nature Physics (2024)
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dX(t)

" V(1)

VvV = Projcx(cP + vF(X))
dP, = Projp, o (M(ﬁk —P)dt+ 8 (Vi/ Vil — Pe)dt

+v(Lx — Py) dt + \/ﬁ(dBt)k)

Re(t) = (min(RO’ IL[(TP)k,oo[B(t - (Tp)k)))+ if ak(t)=0
e <R0 + LTy oolBU(Ta)k — t))A if ay(t) =1
a(t) = TT)roo(t)

Proliferation and apoptosis: (T,)x ~ E(N,) and (Tp)k ~ E(Np):
proliferation and apoptosis at rates A, and A,
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ka(t) _ Vk(t)

dt
ProjCX(CP + vF(X))

Contact force: projection onto the set of admissible velocities:

Cx ={VeR™MVi<j, Dij(X)=0 = VD;;(X)-V >
Vi, Db(X,-) =0 = VDb(X,') -V > O}.
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ka(t) _ Vk(t)

dt
Projcx(cP + vF(X))

Attraction-repulsion force

FeX) = > Vi Wi(IXe = X))

JlIXe=X; <R3,

We consider the following interaction potential, inspired by ? and adapted
to account for apoptotic events:

. 2 3
Wi(r) = = (1 = o)k + s apas) (/2 = 1/(3D2))
?C. Beatrici et al., Soft Matter (2023)
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ka(t) _ Vk(t)

dt
= Proic, (P +7F(X))
dPc = Projpy o (ju(Px— Pi)dt + 6 (Vi/ Vil - Pe)et

+ @(dBt)k>

Vicsek-type interactions: competition between

P.
2 lx— po Fj
J'HX/ XkH<R‘nt

» alignment to the local averaged polarity: P, = ‘
po Pj

int

2 oyl <s
» Gaussian white noise: dB;
Relaxation to the velocity direction V. / ||V ||

Projection on P; so that the polarity remains of norm 1
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X (t
= Proic, (P +7F(X))
dPc = Projpy o (ju(Px— Pi)dt + 6 (Vi/ Vil - Pe)et

+ V(Lk — Pk) dt + @(dBt)k>

Apoptotic events: polarity
» closure towards the apoptotic cells
(Xj — Xk)
Lk = f
2 G = Xl

JIXi =Xl <Ry

int
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Tar =
— Projcx(cP + vF(X))
dPx = Projp. o (M(ﬁk — Po)dt+ 5 (Vi/ |Vi| — Pi)dt
+v(Lx — Py)dt + \/ﬁ(dBt)k>
Re(t) = {<mi”(R°7 (7)ol B(E = (Tp)k))>+ if ax(t) =0
<R0 F L7 ool B Ta)k — t)) | if a(t) =1
apoptotic events: radii dynamics
R fg(#m) R 7F\’g(,um)
5 Ri(t) 5 Re(t)
00](27%‘56# (h) 001%%%# (h)
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2~ v
“ = Proje, (cP + vF(X))
dP, = Projp. o (u(ﬁk —P)dt+ 6 (Vi/ ||Vi| — Pi)dt
+v(Lx — Pi) dt + \/ﬁ(dBt)k>
Rl (min(Ro. 1rycclB(E — (o)) | if o) =0
<R0 + L7 tool B Ta)k — t)) | if ay(t) = 1
a(t) = LT +oof(t)

Proliferation and apoptosis: (T,)x ~ E(N,) and (Tp)k ~ E(Np):
proliferation and apoptosis at rates A\, and A,
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Taken from S. L. Vecchio et al., Nature Physics (2024), IGBMC, calibrated

numerically
Cells radius Ro 7.5 pm
Cells comfort radius R 9.5 um
Cells attraction-repulsion interaction radius R, 19 sm
Cells polarity interaction radius RPS 60 pm
Cell speed c 21.6 pmh™!
Angular diffusion D 0.96 rad>h™?
Relaxation parameter: polarity to mean polarity 6.2 radh~?
Relaxation parameter: polarity to velocity 4 6.2 radh~?
Rigidity constant K 16 x 10*  pNpum™!
Inverse friction coefficient o' 107* pN='h~!um
Apoptosis on P v 10 radh™?!
Apoptosis spring force (on V) Kapop  5.10% pNyum™?
Speed of decreasing for radius 3 11.25 pmh=!
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On a square domain:

Time = 20.000h velocity

On a disk domain:

velocity

oy vceciexcceicT i
[ 00 3G
5_3 0} (@D §®GQ® o s
el
s |
SO 0080 |2
K S Oo000s5Q |8
©) O@O@@Q °
. 50 ©YO000 Q .
without 07000000 6©! without
apoptosis and proliferation apoptosis and proliferation
Time = 20.000h velocity Time = 20.000h velocity
= polarty O8O0
. 0 OO OO0, & -
with with
apoptosis and proliferation apoptosis and proliferation
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On a disk domain: On a square domain:

Tlm .000h velocity Time = 20.000h velocity
= polarity XX XXX = polarity
x10t s & ) s
45 ’g;m. &
32 552, ag
28 N S B
1E ) £
oS 3 g
. 5 “ﬁ V.
without TS without
apoptosis and proliferation apoptosis and proliferation
Time = 20.000h velocity Time = 20.000h velocity
0 ns ;5
with RS Sa: with
apoptosis and proliferation apoptosis and proliferation
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=V

dt x

Vk = CPk—"nykF(Xk)

dPx = Projp o (M(Pk(f) — Pi)dt + 6(Vi/ |Vi| — Pi)dt

+u(Ly — Py)dt + \/ﬁdsﬁ)

dRe IR =8 (1-FL)R(D),  on (Tpd(Ta)
L D(Ri(t)) = —¢ (1 - %&?) Ri(t), on [(Ta)k, (Tr)il
(T2)k ~ E(Xs) and (Tp)k ~ E(Np): proliferation and apoptosis at rates
Ap and A,

Contact forces are replaced by repulsion forces, and radii dynamics are
described by a differential equation.
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> Statistical description of the dynamics in the limit N — oo

> f(x,p,R,t): distribution function of cells in the phase space
xeR? peSt ReR*

> f(x,p, R, t)dxdpIR ~ number of cells in
[x,x + dx] x [p,p +dp] x [R, R+ IR].
> f(x7 p7 R? t) = fb(x? p’ R? t) —"_ fi(x? p? R? t)

TV TV
non apoptotic cells apoptotic cells

We develop a similar methodology to the one proposed in:
> P. Degond et al., Communications in Mathematical Sciences (2015)

» P. Degond and S. Motsch, Mathematical Models and Methods in Applied
Sciences (2008)
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> f(x7p7R7t): fb(x7p7R7t) +ﬂ(x7p7R7t)

no apoptotic cells apoptotic cells

> transport equation whose characteristic equations are given by
the microscopic model

Befo+ V- (vife) + Or(I(R)F) + V- (Proj,e (5(vf/ Ivell) + vLg +;Pf>f0)
— —

advected position  advected radius

= DAy fy + App(t, x)M(p) — Xafo

advected polarity

vi(x,p) = cp—yVxFr(x,t)

Fe(x,t) = Ju,goxr+ W (“XR}nrty” : R) f(y,p, R, t) dpdydR
La(xt) = fsl «rexr+ K (H);?E%”) ||g:3|\ fi(y, p, R, t) dpdydR
Pi(x,t) = poEd

Tr(xt) = faigexes K (”R;py”) f(y,p, R, t)p dpdydR,
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> f(x7p7R7t): fb(x7p7R7t) +ﬂ(x7p7R7t)

no apoptotic cells apoptotic cells

> transport equation whose characteristic equations are given by
the microscopic model

Befo+ V- (vife) + Or(I(R)F) + V- (Proj,e (5(vf/ Ivell) + vLg +;Pf>f0)
— —

advected position  advected radius

= DAy fy + App(t, x)M(p) — Xafo

advected polarity

B+ V- (veh) +8R(D(R)A)+ Vo - (Projs (8(ve/ IIvell) + vLs + 1iPr )
N—— N—_————

advected position  advected radius

= DApfi + Aa(fo — f1)

advected polarity
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» Rescaling in time: polarity interaction much faster than the
other interactions
— ekl

E

a[atfowvx.(wsg)mvp (Projy. —L—£5) + Vp - (Projy. Gre£5)

TVl
+ 023V - (Projgs Vapi ) + Or(I(R)FS) = App® M(P) + Auf5 |
=Qp(f5)

vie(x,p,t) = p — Vx/ [W(R)/ fe(x,p, R, t) dp] dR
R+ st
Qo) = —Vy - (Projy. Prf) + Ap

J
Pr(x,t) = m Jr(x, t) = /S . flp.R.O)pdpdR
X

Gf(x7 t) = ||J ” PrijfJ_A Jr.
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» Rescaling in time: polarity interaction much faster than the
other interactions

— ekl

E

a[atfowvx.(wsﬂ;)mvp (Projy. —L—£5) + Vp - (Projy. Gre£5)

Tvel
120V - (Profys Vapi ) + r(I(R)E) — Aap"M(p) + Auf
:Qp(ﬂ)e)

Qp(fo) = —qu . (Projpi Pffk) =+ DApﬁ(

T Hx = [ fxp R OpdpoR
St xR+

Prixt) =T

— collision operator Q,(fy): non-linear Fokker-Planck operator

< identical in both equations (on fy and f;)
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Von Mises probability distribution:
P
Me(p) = Cexp( 2 ) [ Mooy dp =1
/1 st

Qp(fo) = —uVp - (Projp Prfi) + DALf

D fx
)

&= {f € H(SY)|Qu(f) = 0} = {gMp(p)|g € R4,P € S'}

Equilibria:

< & is of dimension 2.
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5[8#05 + V- (veefs ) + 6V, - (Proj,. HZ’: H ) + Vo - (Proj,. Gr= f5)
fe
+ 120V - (Proj,. Vpi ) + Or(|(R)5) = App® M(P) + Aaf5 |

:Qp(foe)

» in the limit e — 0, f§ — fo with
> Qp(fO)IO
> fhel

Therefore:
fE)E(X7 P, R, t) - gO(xa i t)MP(x,t)(p)7 when € — 0

ff(x’ p, R, t) - gl(x7 I, t)MP(x,t)(p)7 when € — 0

Need to determine equations on gy, g1 and P.
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ka(X, P, R, t) - gk(x7 %, t)MP(x,t)(p)a when € — 0
What do go(x, R, t) and gi(x, R, t) represent?

[ fepRdpR— [ gulx R Mo (o) dp R
Rt xSt R+ xSt

- gk(x7 R, t) dR:pk(x7 t)
R+

as e — 0.
Here, pk(x,t) denotes the density of type-k cells at position x and

time t.
» Equations on gy and g3

< Thanks to the conservation of mass: / Qp(f)dp =0
st
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ka(X, p, R, t) - gk(x7 %, t)MP(x,t)(p)a when € — 0

» Equations on gy and g3
— Thanks to the conservation of mass: / Qp(fi)dp =0
st

Idea of the calculus:

I3}

s[atfowv,.(v,fsfos)Jr(svp.(ProjpL £ £5) + Vp - (Proju Gre )

v
+ 120V - (Proj, 1 Vxpi ) + Or(I(R)F) = App® M(P) + Aafs |
= Qo)

» divide by ¢
> integrate over S!

» take the limits e — 0
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ka(X, p, R, t) - gk(x7 %, t)MP(x,t)(p)a when € — 0

» Equations on gy and g3
— Thanks to the conservation of mass: / Qp(fi)dp =0
st

0:80 + Vx - (goU) + Or(I(R)g0) = App — Aago
0t81 + Vx - (g1U) + Or(D(R)g1) = Ma(go — &1)

where the velocity U = ¢;P — V, [, [W(R)g(x7 R, t)} dR.
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ka(X, P, R, t) - gk(x7 %, t)MP(x,t)(p)a when € — 0

» Equations on gy and g3
— Thanks to the conservation of mass: / Qp(fi)dp =0
st

0:80 + Vx - (goU) + Or(I(R)g0) = App — Aago
0t81 + Vx - (g1U) + Or(D(R)g1) = Ma(go — &1)

where the velocity U = ¢;P — V, [, [W(F\’)g(x7 R, t)} dR.

» Equation on P
» P(x,t) is the averaged orientation at position x and time ¢t

< no conservation of momentum: / Qp(f)pdp #0
St
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Definition: Generalized Collisional Invariants

For any P € S', a generalized collision invariant of Qp is a function
1p such as:

/ Qp(f)¢p(p) dp = 0, Vf such as P = Py
Sl

» There exists a GCl ¢p(p) different from 1
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» Equation on P obtain thanks to the GCI vp.
p (8tP + (V : vx)P) + ProjPl T(pa pl) = nPrijle(PP)

< Density: p = [p. (g + &1) dR

<+ Velocity: V = &P — Vy [o. [W(R)g(x, R, t)} dR

— Viscosity: n = ko [d + c2]

T(p.p1) = dVap+ [ [d+ 2] pVi e [W(R)a(x, R )] o
—vZy(d+ Cz) pVxp1
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» Equation on P obtain thanks to the GCI vp.
p (8tP + (V : vx)P) + ProjPl T(pa pl) = nPrijle(PP)

— Density: p = fR+ (go +&1) dR
<+ Velocity: V = &P — Vy [o. [W(R)g(x, R, t)} dR
— Viscosity: n = ko [d + c2]

T(p,p1) = dVxp+ || o] [d + 2] pVx fR+ [ (R)g(x, R, t)} dR
—vZy(d+ Cz) pVxp1

» p; is the density of apoptotic cells

» P is orienting towards high-density regions of apoptotic cells
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0180 + Vx - (goU) + Ir(I(R)g0) = A\pp — Aago
0:g1 + Vx - (g1U) + 9r(D(R)g1) = Na(go — &1)

P (atp + (V : VX)P) + ProjPJ- T(:Ov pl) = UPVOJPLAx(PP),

where
U= aP -V, [z |W(R)g(x,R,t)|dR,
V= oP-V, f]R+ (R)g(x, R, t)| dR,
T(p,p1) = dVxp+ Teamell || [d + c2] pVx [ [ R)g(x, R, t)} dR
—vZp[d + Cz] pVxp1,

n= ko[d+C2].
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» Construction of a mathematical and computational model
describing cell collective dynamics

» Include the phenomena of apoptosis

» Observation of different behavior with or without apoptosis
and proliferation

» Macroscopic model derived from the microscopic one

» Comparison with experience:
» in vitro: MDCK cells in square or disk (Experience made by
Rodrigo MORENA CUSTODIO at IGBMC, Strasbourg)
» in vivo
» Different regimes for the macroscopic domain

» Simulation in the macroscopic case
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» Construction of a mathematical and computational model
describing cell collective dynamics

» Include the phenomena of apoptosis

» Observation of different behavior with or without apoptosis
and proliferation

» Macroscopic model derived from the microscopic one

» Comparison with experience:

» in vitro: MDCK cells in square or disk (Experience made by
Rodrigo MORENA CUSTODIO at IGBMC, Strasbourg)
» in vivo

» Different regimes for the macroscopic domain
» Simulation in the macroscopic case
Thank you for your attention!
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